Abstract. We study the properties of Modified Riemann extensions evolving under Ricci flow. We obtain the necessary and sufficient condition for modified Riemann extension under Ricci flow to stay as modified Riemann extension. We also discuss the properties of the curvature tensors under Ricci flow.
structure. Riemann extension is an embedding of a manifold M in a manifold M ′ , the embedding being carried out in such a way that the geodesic equations are preserved up to the base space. The Riemann extension of Riemannian or non-Riemannian spaces can be constructed with the help of the Christoffel coefficients Γ i jk of corresponding Riemann space or with connection coefficients Π i jk in the case of the space of affine connection [9] . The theory of Riemann extensions has been extensively studied by Afifi [11] . Though the Riemann extensions is rich in geometry, here in our discussions, the modified Riemann extensions fit naturally in to the frame work. Modified Riemann extensions were introduced in [1] and [2] and their properties we list briefly in the next section.
Here in this paper we discuss some interesting properties satisfied by curvature tensors under the influence of Ricci flow on modified Riemann extensions. We give a brief introduction to modified Riemann Extensions [3] in section 2. In Section 3 we find the rate of change of concircular, conharmonic and conformal curvature tensors under Ricci flow. Ricci flow on modified Riemann extensions are discussed in Section 4.
preliminaries
Let (M, g) be a n-dimensional Riemannian manifold. Then Ricci flow is the evolution of the metric given by
where g il is the metric component and R il is the component of the Ricci curvature tensor.
For a time dependent metric under Ricci flow, the evolution equations for Riemann curvature tensor, Ricci tensor and scalar curvature are given by [4] ,
2)
and
where B ijkl = g pr g qs R piqj R rksl and R ijkl , R ij , R are the Riemannian curvature tensor, Ricci tensor and scalar curvature respectively.
Let ∇ be a torsion-free affine connection of M. The modified Riemann extension of (M, ∇) is the cotangent bundle T * M equipped with a metricḡ whose local components given bȳ
The contravariant components arē
− c ij for i, j ranging from 1 to n and i * , j * ranging from n + 1 to 2n, where ω l are extended coordinates and c ij is a (0, 2) tensor on M.
The Christophel symbols are given by,
We note these results for the extended space,Γ
The components of the Riemann curvature tensor of the extended space is given by
For the extended space ,
The others are zero. i * , j * , k * , l * ranges from n + 1 to 2n. We lower the index in the middle position, to get
It may be noted by simple calculation thatR i * jk * l = 0 which we require
evolution
The Ricci flow is given by equation(2.1). As time progresses the metric evolves and hence the properties depending on the metric change.
Under Ricci flow, the rate of change of conformal curvature depends on the difference of conharmonic and Riemannian curvature tensors. The concircular curvature tensor is given by,
The conharmonic curvature tensor is given by
Under Ricci flow, we give a relation between conformal tensor and conharmonic tensor. Ricci flow, the rate of change of concircular tensor is related to conharmonic tensor by
Proof. Differentiating (3.1) we get,
(3.4)
Substituting (3.6) and (3.7) in (3.9) we get . Then evolution of the metric under Ricci flow is given by
R ijkl . Substituting this in equation (3.10) the above result is verified.
For a Riemannian manifold the Weyl conformal tensor is given by,
(3.11)
Equations (3.1),(3.2) and (3.11) can be combined to form,
Theorem 3.2. For a n-manifold under Ricci flow,
Proof. Differentiating equation 3.12 with respect to 't' and using theorem 3.2 the result follows. Proof. Laplacian of Ricci tensor is given by,
Extensions
But,
From the properties of extended metric components we have, g kl to be non zero atleast one of k or l must be greater than n. Suppose k > n, then R ij,k = 0. Also R αi = 0 only when α < n and i < n. But if α ≤ n then Γ Proof. Let M be an n-dimensional manifold. The rate of change of Ricci tensor is given by
for i, k greater than n, R ik = 0. It is sufficient to prove for i, k ranging from 1 to n. For g pr and g qs to be non zero, either p > n or r > n and q > n or s > n. Suppose p > n and q > n. Then as discussed earlier R piqk = 0. If s > n or r > n then R rs = 0. Thus 2g pr g qs R piqk R rs = 0. Now g pq is non zero for p > n or q > n. But if p > n, R pi = 0 and similarly if q > n, R qk = 0. Hence the result.
It must be noted here that the flow is not on the base manifold but on the extended space. We have proved the necessary and sufficient conditions for Modified Riemann extension under Ricci flow to stay as modified Riemann extensions.
We can restate the result in terms of metric. Proof. Under Ricci flow on modified Riemann Extensions, the Ricci tensor is time invariant. Hence on solving (2.1) we get
Thus the metric is linearly variying with time. Proof. For the extended space, the Weyl conformal tensor is given by Using previous theorem and (2.1) and rearranging we get
Here again for any two of i, j, k, l greater than n the Ricci components are zero. In particular for all of them greater than n, we get the above result.
Conclusion
We have found the necessary and sufficient conditions for the the modified Riemann extension under Ricci flow evolving to obtain a class of metrics which again are modified Riemann extensions.
